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Laplacian Eigenmaps

• Problem: Given a set (x1, x2, …, xk ) of k points in Rl, find a set of

points (y1, y2,…,yk ) in Rm (m << l) such that yi represents xi.

• Steps

–Build the adjacency graph

–Choose the weights for edges in the graph

–Eigen‐decomposition of the graphLaplacian

–Form the low‐dimensional embedding
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Laplacian Eigenmaps‐Algorithm

• Step 1: Construct thegraph
–Construct the adjacency graph G byconnecting  neighboring 
nodes (i,j)

• Neighbors selection

–Є‐neighborhoods

–Adv: Geometrically motivated

–Disadv: Disconnected graph

–n nearest neighbors

–Adv: Easier to choose, no disconnectedgraph

–Disadv: Less geometricallmotivated

• Step 2: Choose the weights
• Simple‐minded: 1 if connected, 0 otherwise

• Heat Kernel:  if connected, 0 otherwise
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Laplacian Eigenmaps‐Algorithm
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Laplacian Eigenmaps‐Algorithm
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Laplacian Eigenmaps‐Justification
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Laplacian Eigenmaps‐Justification
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Laplacian Eigenmaps‐Justification
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Laplacian Eigenmaps
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LLE and Laplacian Eigenmap
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Random Projections

 Based on the Johnson-Lindenstrauss lemma:

 For:

 0< e < 1/2, 

 any (sufficiently large) set S of M points in Rn

k = O(e-2lnM)

 There exists a linear map f:S Rk, such that

 (1- e) D(S,T) < D(f(S),f(T)) < (1+ e)D(S,T) for S,T in S

 Random projection is good with constant probability
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Random Projection: Application

 Set k =  O(e-2lnM)

 Select k random n-dimensional vectors 
 (an approach is to select k gaussian distributed vectors with 

variance 0 and mean value 1: N(1,0) )

 Project the original points into the k vectors.

 The resulting k-dimensional space approximately 
preserves the distances with high probability

 Monte-Carlo algorithm: we do not know if correct
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Random Projection

 A very useful technique,

 Especially when used in conjunction with another technique (for 
example SVD)

 Use Random projection to reduce the dimensionality from thousands 
to hundred, then apply SVD to reduce dimensionality farther
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